Riemannian metric. The most important work for the discretion of Riemannian geometry is to seek a discret representation of Riemannian metric, which forms the foundation of digital Riemannian geometry. This paper initiated the conception of Digital Riemannian geometry which imposes a Riemannian metric on a rectangle grid to make them curved and induced a weighted distance on them. The main task of Digital Riemannian geometry is to obtain quantitative information about objects in pictures with the help of a discrete Riemannian metric defined on them.
INTRODUCTION
Digital geometry is now a well known mathematical discipline studying the geometric properties of digital objects (usually modeled by sets of points with integer coordinates) and providing methods for solving various problems defined on such objects.
The history of digital geometry can be traced back to 70's last century. Although digital geometry was rooted in several classical disciplines (such as topology, graph theory, number theory, and Euclidean and analytic geometry), it was established as an independent subject only in the last few years. According to the definition given in the book "Digital Geometry" [1] by Azriel Rosenfeld and Reinhard Klette: "Digital geometry is the study of geometric or topologic properties of sets of pixels or voxels. It often attempts to obtain quantitative information about objects by analyzing digitized (2D or 3D) pictures in which the objects are represented by such sets". This definition emphasizes especially on the analysis of digital images. Digital geometry had been developed with the explicit goal of providing rigorous mathematical foundations and basic algorithms for applied disciplines such as computer graphics, medical imaging, pattern recognition, image analysis and processing, image understanding, computer vision, and biometrics. Digital geometry focuses mainly on digital pictures, especially on 2D pictures. Taking picture is a process of projecting or flattenning a surface onto a 2D plane. Each pixel on the image plane has only two coordinates (x,y) to represent a correspondent 3D point on the surface. Though the reverse process of flattening is an ill-posed problem, the projected pixel contains rich information about original 3D point on the surface, which survived in the process of flattening due to the lightening modes and hidden in the intensity of the pixel. Digital Riemannian geometry (DRG) can curvalize a picture to expose its original geometric information, a partial reverse process of flattening, which is the key characteristic of DRG.
Image curvaliztion is in nature equivalent to assigning a metric on the image plane. An image is generally defined on a rectangle grid. There are already many metrics on a grid space. But those traditional metrics are image independent and so are not proper for image analysis. We need image-related metrics for the purpose of image analysis.
The key problem of DRG is to define a reasonable discrete Riemannian metric on a grid and calculate it.
II. TRADITIONAL METRICS ON A GRID

A. Base Space of DRG and traditional metric on a regular 2D grid
The base space of DRG is in general a rectangle grid G on 2D plane or 3D space such as showed in Fig.1 . We will use the representation (a) of Traditional metrics on a 2D grid G include city-block distance, chessboard distance and Euclidian distance. They are defined as follows:
If u, v are two node in the grid G with coordinate (x,y), (s,t) respectively, then
(1) The Euclidean distance of u, v is defined as:
The city-block distance of u, v is defined as:
The chessboard distance of u, v is defined as:
These metrics are image independent and so are not good enough for image analysis. We need an image-related metric which assigns weights on the edges of the grid graph. The weighted metric can be considered as a kind of discrete Riemannian metric. But before a Riemannian metric could be defined on a regular grid graph G, the neighborhood 2nd International Conference on Advances in Computer Science and Engineering (CSE 2013) system on grid graph must be revised so that we can define a weighted distance between two nodes in the grid.
B. Neighborhood systems on a regular 2D grid
In this section we will follow Boycov's terminologies [2] [3] . We restrict our discussion on A neighborhood system on a regular grid can be described with a set: and by its angular orientation k ϕ . The angular differences,
N , between the nearest families of edge lines will be used later. The weights on its edges is another important aspect of a grid graph. All edges in the same family of lines will be set the equal weights. This means that, for all edges with orientation k ϕ , we will use w κ to denote their common weights. Suppose G=<V,E> is a weighted graph. For any 
This is simply the standard definition of cut cost from combinatorial optimization. Due to geometric interpretation of G C as the "length" or "area" of the corresponding contour or surface, we call it the cut metric of contour C.
A cut metric on a regular 2D grid implicitly assigns certain "length" to curves. If we use E C to denote the Euclidean length of the curve C in G, then we can use Cauchy-Crofton formula [4] to approximate it by:
here index i enumerates all the lines in the kth family of edge-lines. 
then we have:
If the 2D space is assigned a Riemannian metric, then an induced weights will be assigned to grids imbedded in it, and a contour curve C in it will have its Riemannian length R C . If we assigning proper weights to the edges of the grid graph, the cut metric of the contour C will approximate its 
here L u is a unit vector along line L. This formula holds for any continuously differentiable regular curve C in R
2
. If we set edge weights for a 2D grid as follows:
Then we have| | | |
If G is looked as a directed graph and the weights are assigned to its edges, then the cut metric on G is called a digital or discrete Riemannian metric on G. Here we use ( ) k w p to denote the weight of a directed edge originated from p. Digital Riemannian geometry attempts to obtain quantitative information about objects in pictures with the help of a digital Riemannian metric defined on them. 
III. IMAGE CURVALIZATION AND INDUCED METRICS
Image segmentation is a process of partitioning image plane into meaningful areas which are connected and without overlaps between each other [6, 15] . Meaningful mainly refers to a separation of areas corresponding to different objects in the observed scene from the area corresponding to the background. Image segmentation is very fundamental in image processing. Many other techniques, such as characteristics extraction, auto-detection or objective tracing, are based on the results of segmentation. Image segmenting techniques can be classified into many categories according to different standards. Typical classification includes edge detection and area splitting and emerging. Traditional method of edge detection is through thresholding values. This method lacks a well defined mathematical model. It treats the boundary of an object not as a whole but as a scattered set of points with intensities greater or less than the threshholding value. A noticeable edge detection method with good mathematical model is the Active Contour Models introduced by Kass[14] . It is also known as "Snake Model".
An active contour is a curve ( ) ( ( ), ( ))
C t x t y t = ,
[0,1] t ∈ , which moves in an image to make the energy ( ) E C minimized:
here P(x,y) is a potential function, 0 K and 1 K are tension and rigidity parameter of the curve respectively. Calculus of variation [8, 17] had proved that the curve C that minimize ( ) E C should satisfy the Euler equation [14] :
In which we suppose that ( ) C ⋅ and its derivatives are known for t=0 and t=1.
A main weakness of Kass's model is that the energy expression (10) depends on parametrization. Many improvements had been proposed to elimilate the dependence of the energy on parametrization [8] [9] [10] [11] [12] . The one proposed by Caselles et.al. [9] attracted many followers, which is called "Geodesic Active Contour Model" and dose not depend on the parametrization. In Caselles' model, the rigidity parameter was taken as 0, i.e. α λ is taken, we can transform the minimization probrem of ( ) E C to the intrinsic minimal problem of following form:
If we introduce a Riemannian metric g on image plane I as
. Then to solve equation (13) is equivalent to seek for the minima of ( ) E C in following formula:
here t C = 
I I ⋅
For the map X above, it can produce a pulled back metric on U via pull back mapping * X [13] .
Define a proper Riemannian metric g on an image plane I is not intuitive and even very difficult. We can instead define a metric on the curved space M and then pull it back to I, which can often highlight characteristics of an image. For instance, an anistropic Riemannian metric induced by an image I can be represented as:
here u I I = ∇ ∇ is a unit vector along the gradiant at a pixel of I. Id is the identity matrics, ( )
is a scalar function. In the coordinate system align with gradiant (then
For the purpose of image analyse, we need such metrics to be defined on the base space of an image that it can enlarge some particular characteristics of the image, such as edges or points with rapid gradiant variations. With the help of the idea of image curvalization, many powerful tools from Riemannian geometry had found their applications in image processing. Motivated by certain problems in pattern detection [18] and medical imaging, Melonakos et.al. [16] developed a kind of active contours model with a Finsler metric. Its main idea is that the directionality be added to the active contours to allow for the segmentation of images from oriented domains. Sundaramoorthi et.al. introduced the concept of Sobolev Active Contour Model, which re-formulate the general geometric active contour by re-defining the gradient of functional with a Soloblev-typed inner product. More details are refered to the papers [19] [20] [21] .
IV. CONCLUSION Digital geometry had developed for quite a long period and played a more and more important role in image processing. Recent years, many researchers had tried to solve various problems with the help of Riemannian geometry. Part of these endeavors had achieved success. In this paper, we briefly introduced some basic ideas of DRG. It should be noticed that not only finite dimensional Riemannian manifolds had been digitized, digital development of infinite dimentional Hilbert manifolds had also attracted many attentions and developed even more rapidly [7] . DRG had emerged as a new subject and showed great promise in diverse applications of image science.
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